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Abstract: We derive a partial electric-magnetic (PEM) duality transformation of the
twisted quantum double (TQD) model TQD(G,α)—discrete Dijkgraaf-Witten model—
with a finite gauge group G and a three-cocycle α ∈ H3(G,U(1)) . Such a gauge group
G is required to bear an Abelian normal subgroup N . The PEM duality transformation
exchanges the N -charges and N -fluxes only. The PEM duality exists only under certain
conditions, by which a TQD model is better reformulated as a bilayer model. Any equiv-
alence between two TQD models, say, TQD(G,α) and TQD(G′, α′), can be realized as a
PEM duality transformation.
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1 Introduction
As an important theme in modern physics, dualities weave together apparently different
physical theories, such that not only the theories can be understood from each other’s per-
spective but also they combined can deepen our understanding of the fundamental physics
underneath. Needless to mention the popular gauge-gravity duality and the dualities be-
tween gauge theories in different dimensions, in this work, we shall construct a duality
between certain types of lattice gauge theories in 2 + 1 dimensions, which can serve as ef-
fective models of topological orders in two spatial dimensions. We shall name this duality
a partial electric-magnetic (PEM) duality for reasons to be explained shortly.
A lattice gauge theory has EM duality if the gauge group G is Abelian. A well known
example is the Ising model[1]. Such duality is important to understand the matter phases
and phase transitions. Under the EM duality, the gauge charges and gauge fluxes are
exchanged in the dual theory. See Fig. 1 for an example. The dual gauge group is
Gˆ = Irrep(G) whose elements are unitary irreducible representations of G.
charge flux
(a) triangulation Γ
˜charge
˜flux
(b) dual graph Γ˜
Figure 1. EM duality between an Abelian gauge theory defined on the triangulation lattice Γ and
its dual model on the dual graph Γ˜. Gauge charges on vertices and gauge fluxes on plaquettes for
gauge group G are mapped to dual fluxes and dual charges for the dual gauge group Gˆ on the dual
graph.
When the gauge group G is non-Abelian, there is no such EM duality for the entire
gauge group G because the irreducible representations of G do not form a group. Nev-
ertheless, if a normal Abelian subgroup N ⊆ G exists, there could be partial EM duality
which exchanges N -charges and N -fluxes only. Such a duality is what we mean by a PEM.
A large class of topological phases can be described by discrete topological gauge field
theories, such as the quantum double (QD) models[2], the twisted quantum double (TQD)
models[3, 4], and the Levin-Wen model[5]. When QD models are extended (with the
defining finite groups generalized to Hopf algebras), EM dualities (that exchange charges
and fluxes for the gauge Hopf algebras) can be realized ([6–9]).
On the other hand, two TQD models with different input data (groups and 3-cocycles)
may be equivalent. An example is the equivalence between the QD model with G = D4
and a TQD model with G′ = Z2 × Z2 × Z2 and some nontrivial 3-cocycle over G′ ([10]).
The topological quantum numbers (modular S, T matrices) are identical in both models.
In this paper, we show that such equivalences can be constructed via the PEM duality
in TQD models. In general, it is known whether two TQD models are equivalent [[11–13],
in the sense that their corresponding quantum double categories, which characterize the
topological phases of the the corresponding TQD models, are equivalent. We find that for
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every such an equivalence of two TQD models, there exists a PEM duality transformation
between the two models.
Given an existing normal Abelian subgroup N ⊂ G, the PEM duality (if exists) maps
N -charges/fluxes to Nˆ -fluxes/charges in the dual model, while K-charges/fluxes remain
unchanged, where K ≡ N\G is the right quotient group. Such a PEM duality should be
formulated by a Fourier transform over N and Nˆ , which we call a partial Fourier transform.
To derive the PEM dulaity, we require α|N = 1, such that the TQD(G,α) model
contains a QD(N) model, which is mapped to the QD(Nˆ) model on the dual graph Γ˜.
Hence the PEM dualtiy maps N -charges to Nˆ -fluxes (and vice versa). With some extra
condition on α, we show that the dual operators generate the TQD algebra Dα′(G′) [14].
In general, a TQD model is not self-dual under the PEM duality transformation: Not
only the lattice structure is changed (the triangulation is mapped to a reciprocal bilayer
graph) but also the gauge group G is mapped to a dual group G′, while the algebra of
the local operators are mapped from DαG to Dα′G′. Every equivalence between two TQD
models, say, TQD(G,α) and TQD(G′, α′), can be realized by a PEM duality transforma-
tion.
The PEM duality begs to reformulate the TQD(G,α) model as a bilayer model, namely
a coupling of a QD(N) model on the upper layer and a model on the lower layer. The model
on the lower layer may not be a TQD model in general because its input data consists of
the group K and the 3-cochain . Under the PEM duality, the upper layer model is mapped
to the QD(Nˆ) model on the dual graph Γ˜. The lower layer remains unchanged, as defined
on Γ. We call the dual model a reciprocal bilayer model.
2 Review of EM-duality in discrete Abelian gauge theories
In this section, we briefly review some known examples of EM-duality in discrete gauge
theories.
We focus on the EM-duality in the two-dimensional Ising model[1], which is defined
on a square lattice, while the dual model is defined on the dual lattice (see Fig. 2). The
duality transformation relates the observables in the Ising model at high temperature to
their counterparts in the dual model at low temperature.
σxv1 σ
x
v2
σzp1
σzp2
Figure 2. The EM duality between the Ising model on the lattice (with solid lines), and the
dual model (with dashed lines) on dual lattice. The plaquettes p1, p2, . . . in the original lattices are
identified as vertices on the dual lattice. The EM duality leads to the correspondence {σxv} ↔ {σzp}.
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Such an EM-duality transformation is essentially a Fourier transform, which is better
understood by treating the Ising model as a discrete gauge theory. In the original Ising
model, the spins σxv at the vertices v of the lattice are the Pauli x-matrix. Each spin
yields a Z2 group because (σx)2 = 1, where 1 is the 2 × 2 identity matrix, such that
{σx, (σx)2} ∼= Z2. To understand the Ising model as a gauge theory, we can gauge the
Ising model by trading the spins at the vertices by gauge degrees of freedom on the links.
For example, two neighbouring spins σxv1 and σ
x
v2 are traded with the degree of freedom
σxv1σ
x
v2 := σ
x
v1 ⊗ σxv2 , which is an abbreviation of the full tensor product that involves the
identity operators at all the other vertices of the lattice, on the link between v1 and v2.
Clearly, the gauge group is also Z2: If we define g = σxv1σxv2 , then g2 = 1, the 4× 4 identity
matrix as a submatrix of the full identity matrix.
In the dual Ising model, however, the spins at the vertices p are the Pauli z-matrix σzp.
The gauge degrees of freedom on the dual links (dashed lines in Fig. 2) are thus σzp1σ
z
p2 :=
σzp1 ⊗ σzp2 . The elements σxv1σxv2 on the links and σzp1σzp2 on the dual links are related by a
Fourier transform in the Hilbert space as follows. If we define s = (1 + σzp1σ
z
p2)/2, then we
can specify the local basis |g〉 on a link in the Ising model (such that g |g′〉 = |gg′〉), and
the local basis |s〉 in the dual Ising model respectively. The EM duality transformation
is then a Fourier transform between these two bases. Such a Fourier transform can be
conveniently formulated in the language of group representation theory. In the above local
basis, g effectively takes values in Z2 = {+1,−1}, and s takes values of 0, 1 that label
the two irreducible representations of Z2. The Fourier transform on the local basis of the
Hilbert space reads
|s〉 = 1√|G|∑g ρs(g)|g〉. (2.1)
The ρs(g) is the representation matrix of g in the irreducible representation s.
To study the duality transformation of the observables, we examine a Fourier trans-
form on the statistical weight of the model. For simplicity, we assume the absence of
external magnetic field. Each link contributes to the statistical weight a factor λ(g), with
λ(±) = exp(±β) at the inverse temperature β. Similarly, in the dual model, each link
contributes λ˜(s) = exp
(
(−1)sβ˜
)
. The Fourier transform (2.1) induces the transformation
of the statistical weight:
λ˜(s) = 1|Z2|
∑
g
ρs(g)λ(g), (2.2)
which reads λ˜(0) = sinh β, λ˜(1) = cosh β ([Ref: For derivation, e.g., see Statistical field
theory Vol 1.]). The relation between β and β˜ is derived from the identification λ˜(s) =
exp
(
(−1)sβ˜
)
:
sinh 2β sinh 2β˜ = 1, (2.3)
which is known as the Kramers-Wannier duality.
In the above example, We formulate the EM duality in the Ising model by a Fourier
transform on the local Hilbert space and on the observables of the model. Such an EM
duality can be generalized to Abelian gauge theories defined on a lattice (or on a simplicial
complex in general) and described by a similar Fourier transform [for example, see [15],
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[6–9]]. Under the Fourier transform in Eq. (2.1), the dual group is formed by all unitary
one-dimensional irreducible representations, denoted by G′, albeit G′ ∼= G in Abelian cases.
The EM duality discussed above can not be generalized directly such that the dual
model is a gauge theory for certain group G′ because the irreducible representations in
such cases do not form a group1. In this paper, we propose a partial EM duality to solve
this problem. If there exists a normal Abelian subgroup N of the gauge group G, then the
EM duality could still exist via the partial Fourier transform over N , which is the reason
we call such duality a partial EM duality.
3 Conditions on PEM duality
In this section, we formulate the conditions on the existence of PEM duality.
Two TQD models with different input data (groups and 3-cocycles) may be equiva-
lent. For example, the QD model with G = D4 is equivalent to the TQD model with
G′ = Z2×Z2×Z2 and certain nontrivial 3-cocycle α′ over G′. Two TQD models, TQD(G,α)
and TQD(G′, α′), are equivalent if they yield the same set of topological quantum numbers,
characterizing the same topological order. Mathematically, this happens if the representa-
tion categories Rep(DαG) and Rep(Dα′G′) of the TQD algebras Dα(G) and Dα
′(G′). The
existence conditions of such equivalences as found by Naidu and others [[11, 12]] are re-
viewed briefly as follows.
We follow the language in Ref[12]. Let V ecαG be the fusion category whose objects are
vector spaces graded by G and associativity dictated by α. Two fusion categories V ecαG
and V ecα′G′ are weakly Morita-equivalent ([16]) if their categories centers are equivalent as
braided tensor categories, i.e.,
Z(V ecαG) ∼= Z(V ecα
′
G′). (3.1)
Note that Z(V ecαG) ∼= Rep(DαG) as braided tensor categories. Given a right-module cat-
egory M over the fusion category C = V ecαG, we denote the dual category (see [17] ) of
C by C∗M := FunC(M,M), whose objects are the C-module functors from M to itself and
morphisms are natural module transformations.
The weakly Morita-equivalence holds if there exists a right-module category M such
that the dual category C∗M is equivalent to V ecα
′
G′ for certain G′ and α′. According to Ref[12]
such an M exists if
1. G contains a normal Abelian subgroup N , such that α|N is trivial in the third coho-
mology group H3(N,U(1)).
2. There is a 2-cochain µ ∈ H2(G,Map(K,U(1))) such that δ2µ = α inH3(G,Map(K,C))
(where α is viewed as a constant valued 3-cocycle), and the cohomology class [µy/µ]
is trivial in H2(G,Map(K,U(1))) ∀y ∈ K.
1In non-Abelian cases, the EM duality discussed above can be generalized in the framework of generalized
gauge theory with gauge quantum groups. Then the EM duality following the above approach maps a non-
Abelian gauge group to a gauge quantum group.
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Here Map(K,U(1)) is a function space with the left G-actions defined by (g . f)(k) =
f(k / g), where f : K → U(1), g ∈ G, k ∈ K, and k / g is the right G-action on the
quotient group K. When these conditions are met, we can construct a module category
M(K,µ) whose simple objects are given by elements in K and associativity given by µ.
The category C∗M(K,µ) is equivalent to V ecα
′
G′ for certain G′ and α′.
Later, Uribe [13] formulated the conditions on the equivalence in terms of explicit
representatives of α and µ. In this formulation, the categories V ecαG and V ecα
′
G′ are weakly
Morita-equivalent if and only if
1. There exists a normal Abelian subgroup N ⊂ G. Then, there exists certain 2-cocycle
F ∈ H2(K,N) G can be written as a semidirect product G = N oF K.
2. There exists a 2-cocycle Fˆ ∈ H2(K, Nˆ), such that the 4-cochain Fˆ ∧F defined by (Fˆ ∧
F )(k1, k2, k3, k4) := Fˆ (k1, k2)(F (k3, k4)) is cohomologically trivial in H4(K,U(1)),
where Nˆ is the Abelian group whose elements are the unitary irreducible represen-
tations of N , and ki ∈ K. In other words, there exists a 3-cochain  ∈ C3(K,U(1)),
such that δK = Fˆ ∧ F , i.e.,
δK(k1, k2, k3, k4) =
(k2, k3, k4)(k1, k2k3, k4)(k1, k2, k3)
(k1k2, k3, k4)(k1, k2, k3k4)
= Fˆ (k1, k2)(F (k3, k4)).
(3.2)
When there exists F and Fˆ satisfying these two conditions, there is a weakly Morita
equivalence V ectαG ∼= V ectα
′
G′ , with G = N oF K, G′ = KnFˆ Nˆ , and the 3-cocycles are (up
to a coboundary)
α((a1, k1), (a2, k2), (a3, k3)) = Fˆ (k1, k2)(a3)(k1, k2, k3), (3.3)
α′((x1, ρ1), (x2, ρ2), (x3, ρ3)) = ρ1(F (x2, x3))(x1, x2, x3). (3.4)
Note that α|N = 1 and α′|Nˆ = 1.
In this paper, we will adapt the explicit representatives of α and α′ in Eqs. (3.3) and
(3.4). We show that for every weakly Mortia equivalence V ectαG ∼= V ectα
′
G′ , we can derive a
PEM dulaity by a partial Fourier transform to be defined. Note that since our PEM duality
is a local duality transformation, it does not induce any topological phase transition.
4 Main results
In this section, we summarize the main result of this paper. We consider the quantum
double (QD) models and the more general twisted quantum double (TQD) models defined
on a graph Γ as a triangulation of a closed surface. These models are discrete topological
gauge theories describing time-reversal invariant topological orders.
The elementary excitations in these models are gauge charges, gauge fluxes, and dyons
(charge-flux composites) living on Γ. Charges (fluxes) are local excitations at the vertices
(plaquettes) violating the Gauss law (flatness condition), which is implemented by local
gauge-transformation operators at the vertices (holonomy measurement operators). In
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this section, we will explain these operators in a minimal setting, and leave the detailed
discussion in the later sections. In this minimal setting, we only consider one vertex v and
one plaquette adjacent to v in Γ. The plaquette can be homeomorphically minimized to a
disk bounded by a single loop p attached to v (See Fig. 3). Then we can define the Hilbert
space and the local operators at v and on p as follows. The local Hilbert space is spanned
by two group elements, g0 at v, and h0 on p. The h0 is the holonomy along the loop. We
define the local gauge transformation operator by
Ag|g0, h0〉 = |gg0, gh0g¯〉, (4.1)
and the holonomy measurement operator Bh by
Bh|g0, h0〉 = δh,h0 |g0, h0〉, (4.2)
where g, h, g0, h0 ∈ G. Throughout this paper, we will denote the inversed group element
by a bar: a¯ = a−1
g0
h0
Figure 3. The g0 at the vertex and h0 at the loop p.
The operators Ag and Bh form the Drinfeld’s quantum double algebra D(G), whose
multiplication rule is
(Ag1Bh1)(Ag2Bh2) = δh1,g2h2g¯2(Ag1g2Bh2). (4.3)
It is the algebra of local observables in the QD models, i.e., for all g, h ∈ G, the Ag and
Bh commute with the Hamiltonian (will be defined in later sections). In the TQD models,
we can generalize the operators Ag and Bh, which give rise to a TQD algebra DαG, where
α ∈ H3[G,U(1)]. The algebra multiplication rule becomes
(Ag1Bh1)(Ag2Bh2) := δh1,g2h2g¯2βh2(g1, g2)Ag1g2Bh2 , (4.4)
where βh2(g1, g2) is given by
βh2(g1, g2) :=
α(g1, g2, h2)α (g1g2h2g¯2g¯1, g1, g2)
α (g1, g2h2g¯2, g2)
. (4.5)
When α = 1, DαG reduces to a QD algebra. (See the detailed definition of TQD algebras,
see Appendix B.)
We already know the EM duality transformation in Abelian gauge theories[1, 15]. In
the QD models with Abelian group G, the EM duality is essentially a Frourier transform
on G and maps charges to dual fluxes and vice versa. When the group G is non-Abelian,
no gauge group structure survive under the Fourier transform on G.
Nevertheless, if G has a normal Abelian subgroup N , we may apply a partial Fourier
transform on N . This partial Fourier transform is called a PEM duality transformation if
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the dual model can be identified as a topological gauge theory with observables forming
the TQD algebra Dα′(G′) for certain finite gauge group G′. Nevertheless, in general, a
partial Fourier transform cannot be a PEM duality because a PEM duality is supposed to
realize a Morita equivalence V ecαG ∼= V ecα
′
G′ , which is possible if and only if the conditions
(3.2)(3.3) and (3.4) are met. We assume hereafter these conditions are fulfilled.
Let N ⊂ G , such that G is a semidirect product G = N oF K where K = N\G is the
quotient group, and F ∈ H2(K,N) is a 2-cocycle . The 3-cocycle α ∈ H3(G,U(1)) has the
form in Eq. (3.3) for some certain 2-cocycle Fˆ ∈ H2(K, Nˆ). For the semidirect product
structure, see Appendix D. For (a, x) ∈ N oF K, we define the partial Fourier transform:
|x, ρ〉 = 1√|N | ∑
a∈N
ρ(a)|a, x〉. (4.6)
In the pair (x, ρ), ρ ∈ Nˆ , where Nˆ is the Abelian group whose elements are the unitary
irreducible representations of N .
In what follows, we will define the dual local operators. The pairs (x, ρ) form the dual
group G′ = K nFˆ Nˆ with the semidirect product structure specified by Fˆ . (See Appendix
D for the details about the semidirect product structures of G and G′.) We will define the
partial Fourier transform on the local operators by
B˜(xyx¯,ρ)A˜(x,η) = 1|N |
∑
a,b∈N
ρ(a)η(b)A(a,x)B(b,y). (4.7)
where ρ, η ∈ Nˆ . The the dual local operators in the dual model are
A˜(x,η) =
∑
y,ρ
B˜(xyx¯,ρ)A˜(x,η), (4.8)
B˜(y,ρ) = B˜(xyx¯,ρ)A˜(1K ,1Nˆ ). (4.9)
In later sections, we show that the dual operators generate the TQD algebra Dα′(G′),
where α′ ∈ H3(G′, U(1)) takes the form in Eq. (3.4), i.e., they satisfy
B˜
h′1
p˜ A˜
g′1
v˜ B˜
h′2
p˜ A˜
g′2
v˜ = δh′1,g′1h′2g¯′1β
′
h′1
(g′1, g′2)B˜
h′1
p˜ A˜
g′1g
′
2
v˜ , (4.10)
where
β′h′1(g
′
1, g
′
2) :=
α′(h′1, g′1, g′2)α′
(
g′1, g′2, g¯′2g¯′1h
′
1g
′
1g
′
2
)
α′
(
g′1, g¯′1h′1g′1, g′2
) , (4.11)
with α′ ∈ H3[G′, U(1)] given by Eq. (3.4). Here h′i, g′i ∈ G′.
By definition, the partial Fourier transform acts on the Hilbert subspace spanned by
the elements of N . It is convenient to factorize the local operators into N part and K part
by setting
Aa = A(a,1), Ax = A(1,x), Bb =
∑
y∈K
B(b,y), By =
∑
b∈N
B(b,y), (4.12)
and
A˜η = A˜(1,η), A˜x = A˜(1,x), B˜ρ =
∑
y∈K
B˜(y,ρ), B˜y =
∑
ρ∈N˜
B˜(y,ρ). (4.13)
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As consequence of the partial Fourier transform (4.7), we have
Aa =
∑
ρ∈Nˆ
ρ(a)B˜ρ, Bb = 1|N |
∑
η∈Nˆ
η(b) A˜η (4.14)
A˜x = Ax, B˜y = By. (4.15)
In later sections, we show that the matrices of A˜η and B˜ρ in the dual basis of the Hilbert
space define a QD(Nˆ) model on the dual graph Γ˜ of the original graph Γ, where the
Hilbert subspace spanned by Nˆ elements. See Fig. 9 for the details how we define Γ˜. The
identification of the dual model on Γ˜ with the QD(Nˆ) model, together with that N -charges
are mapped to dual Nˆ -fluxes (and vice versa), justifies the terminology of the PEM duality,
whose definition is summarized as follows and to be derived in later sections.
The PEM duality transformation consists of three maps:
1. A partial Fourier transform (4.6) on local basis of Hilbert space,
2. a partial Fourier transform (4.7) on the local operators,
3. and a map from Γ to Γ˜. For every triangulation Γ, we define the dual graph Γ˜ in
which the direction of each dual edge is a pi/2 clockwise rotation of the corresponding
edge in Γ. See Fig. 4 for an illustration,
such that
a. the matrices of the dual local operators A˜η, B˜ρ in the dual basis define the QD(Nˆ)
Hamiltonian on the dual graph Γ˜,
b. and the dual operators A˜(x,η) and B˜(y,ρ) generate the TQD algebra Dα′(G′).
(a) (b)
Figure 4. For the triangulation Γ in (a), we define the dual graph Γ˜ in (b) in which the direction
of each dual edge is a pi/2 clockwise rotation of the corresponding edge in Γ.
We will show that the partial EM duality has the following features:
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• In general, a TQD model is not self-dual under the PEM duality transformation:
Not only the lattice structure is changed (the triangulation is mapped to a reciprocal
bilayer graph) but also the gauge group G is mapped to a dual group G′, while the
algebra of the local operators are mapped from DαG to Dα′G′.
• The charges and fluxes are exchanged with respect to the subgroup N of the gauge
group G, via the duality transformation {Aa} ↔ {B˜ρ}.
• Every weakly Morita equivalence V ecαG ≡ V ecα
′
G′ can be realized as a PEM duality
on the TQD(G,α) model.
As alluded to earlier, we are able to derive the PEM dulaity based on the following
three conditions:
c1. There exists a normal Abelian subgroup N of G, such that the elements of G can
be written as pairs (a, x), and thus we can define the partial Fourier transform over
a ∈ N ;
c2. α|N = 1, such that the TQD(G,α) model contains a QD(N) model, which is mapped
to the QD(Nˆ) model on the dual graph Γ˜;
c3. an extra condition (3.2) such that as in Eq. (3.3), α((a1, x1), (a2, x2), (a3, x3)) can
be factorized into an N -K-mixed-factor Fˆ (x1, x2)(a) and a K-factor (x1, x2, x3).
Under the partial Fourier transform, the K-factor is intact, while the N -K-mixed-
part is mapped to the Nˆ -K-mixed-factor ρ1(F (x2, x3)) as in Eq. (3.4). Then the
Nˆ -K-mixed-factor renders the algebra of the dual local operators a TQD algebra
Dα
′(G′).
The above conditions urge the TQD(G,α) model to be factorized into an N -part and a
K-part as well. Such factorization is manifest in a reformulation of the TQD(G,α) model
as a bilayer model.
Both layers have the same graph structure as Γ. The upper layer accommodates a
QD(N) model because α|N = 1; however, the model that inhabits on the lower layer may
not be a TQD model in general because its input data consists of the group K and the
3-cochain . The original TQD(G,α) model is viewed as a coupling of the two models on
the two layers. Under the PEM duality, the upper layer model is mapped to the QD(Nˆ)
model on the dual graph Γ˜. The lower layer remains unchanged, as defined on Γ. We call
the dual model a reciprocal bilayer model.
We illustrate the bilayer structure and the PEM duality by the QD(Z4) model as a
quick example. Seen in Fig. 5, the QD(Z4) model is a bilayer model with the QD(Z2)
model on both layers. The QD(Z4) model has a trivial α = 1, but the nontrivial semidirect
product structure in Z4 = Z2 o Z2 leads to a nontrivial coupling between the two layers.
Under the partial Fourier transform, the upper layer is mapped to the QD(Z2) on the dual
graph. The direct product structure in the dual group G′ = Z2 × Z2 has no contribution
to the coupling; however, the Fourier transform generates a nontrivial Nˆ -K-mixed factor
in α′ that leads to the nontrivial coupling.
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K-charge K-flux
QD(K = Z2) model on Γ
QD(N = Z2) model on Γ
N -charge N -flux
(a)
K-charge K-flux
QD(K = Z2) model on Γ
QD(Nˆ = Z2) model on Γ˜
Nˆ -charge
Nˆ -flux
(b)
Figure 5. (a) The QD(Z4) model can be understood as a bilayer system. The both layers are
QD(Z2) models on Γ. (b) The TQD(Z2×Z2) model can be understood as a bilayer system. on the
upper layer is a QD(Z2) model On Γ, while on the lower layer a QD(Z2) models on Γ˜.
5 PEM duality in twisted quantum double models
In this paper, we will study PEM duality via a partial Fourier transform in TQD models.
These models are exactly solvable discrete gauge field theories. In the following, we will
first apply the partial Fourier transform in QD models first, and then discuss the case in
the generic TQD models.
5.1 Quantum double model as discrete gauge field theories
In this subsection, we briefly review Ktaev’s QD model [2].
The Kitaev’s quantum double model with a finite group G as the input data, can
be understood as a 2D discrete gauge field theory with the gauge group G. The model
is defined on a 2D directed graph that is embedded into a surface. The model can be
extended to open surface with boundaries, but for simplicity we do not consider such cases
in this paper.
The degrees of freedom (d.o.f.) are group elements of G assigned to the edges of the
graph. The Hilbert space is spanned by these group elements on all edges. The edges are
directed, but if we reverse the edge direction and put the inversed group element, we shall
identify these two states:
∣∣∣∣∣ g
〉
≡
∣∣∣∣∣ g−1
〉
, (5.1)
and hence the model does not depend on the edge directions. For simplicity, here we show
four-valent vertices only but the vertices could be multivalent in general.
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The Hamiltonian consists of gauge transfoormations and holonomy operators. A gauge
transformation at a vertex v is defined by
Agv
∣∣∣∣∣∣∣∣
a
b
c
d 〉
=
∣∣∣∣∣∣∣∣
ga
gb
gc
gd 〉
, (5.2)
which is a left multiplication of g on all edges coming into the vertex v. The Hamiltonian
reads
H = −
∑
v
Av −
∑
p
Bp, (5.3)
where Av is a projection operator
Av =
1
|G|
∑
g∈G
Agv, (5.4)
which projects onto states with gauge invariance at vertex v. The other operator Bp is an
projection operator
Bp
∣∣∣∣∣∣∣∣∣∣∣
a
b
c
d
〉
= δabcd
∣∣∣∣∣∣∣∣∣∣∣
a
b
c
d
〉
, (5.5)
where δabcd = 1 if abcd = 1, the unit element of G, and δabcd = 0 otherwise. Here abcd is the
holonomy around the plaquette p. Hence, Bp projects onto states with trivial holonomy at
p. The QD model is a discrete gauge theory, in the sense that its Hamiltonian commutes
with all gauge transformations.
5.2 Twisted quantum double algebra in twisted quantum double model
The QD models can be extended to TQD models[3] with the input data (G,α), where G is
a finite group and α a 3-cocycle on G. The TQD model is defined on a triangulation of a
surface, which is a particular type of graphs. The edges on the triangulation are directed
and we require that the directions of the three edges along every triangle can not be the
same. Practically, we assign ordered numbers to vertices such that all edges are directed
according to the ordering. See Fig. 6 for example.
Similar to that in the QD models, the Hilbert space is spanned by group elements on
the edges. The Hamiltonian consists of two terms defined at vertices and on triangles.
H = −
∑
v
Av −
∑
p
Bp, (5.6)
Av =
1
|G|
∑
a,x
A(a,x)v , Bp = B1Gp . (5.7)
See Ref[3] for details. We expect that the gauge transformations and holonomy operators
form the twisted quantum double algebra Dα(G), which is the symmetry algebra commut-
ing with the Hamiltonian. In Ref[Hu-Wan-Wu-2012], however, they have only studied the
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(a)
g12g23
g14
123
4
56
7
89
(b)
Figure 6. (a) An example of (one part of) a triangulation of the surface. (b) Ordering labels are
assigned to vertices such that edges are directed from the greater number to the smaller one. part
of the triangulation.
algebra in the Hilbert subspace with zero holonomy locally everywhere. To consider the
entire Hilbert space, we extend the definition of the local operators Agv and Bhp , and show
that they do satisfy the twisted quantum double algebra DαG.
We give the detailed definition in Appendix C. Here we will explain the construction
in terms of gauge transformations and holonomy operators. we identify a elementary cell
by a composite of a triangle and its neighboring vertex. See Fig. 7.
v
p
(a)
v
hol
g1
g2
g12
(b)
Figure 7. (a) A unit cell composing a vertex v and a plaquette p. (b) define the holonomy around
an triangle associated to the vertex v.
In the fixed triangle, let v be the vertex labeled the greatest number. We define the
holonomy along the triangle p by hol = g¯12g1g2 associated to vertex v. It is the product of
the group elements along the boundary edges of the triangle in the anti-clockwise direction,
starting from and end at v. See Fig. 7(b).
Note that we can also define the holonomy to be associated to the vertex with the least
ordering number and the algebra derived in the following would be the same form. To be
consistent, we need to choose either convention and fix it once for all.
Suppose p is the neighboring triangle of v such that v has the greatest ordering number
in p.
Then we can discuss how the observables transform under the EM duality.
The Agv and Bhp form a quantum double algebra, with the product structure being
Ag1v B
h1
p A
g2
v B
h2
p = δh1,g1h2g¯1βh2(g1, g2)Ag1g2v Bh2p (5.8)
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where
βh2(g1, g2) :=
α(g1, g2, h2)α (g1g2h2g¯2g¯1, g1, g2)
α (g1, g2h2g¯2, g2)
(5.9)
5.3 PEM duality between QD models and TQD models
We first study the PEM duality in QD models with finite group G. Let N be a normal
Abelian subgroup N of G. Let K be the quotient group K = N\G. The G is not a direct
product of N and K, but a semidirect product N oF K, whose product structure is
(a1, k1)(a2, k2) = (a1(k1a2)F (k1, k2), k1k2) (5.10)
where F ∈ H2(K,N) is a N -valued 2-cocycle on K, i.e., a map F : K ×K → N such that
δKF (k1, k2, k3) = k1F (k2, k3)F (k1k2, k3)−1F (k1, k2k3)F (k1, k2)−1 = 1 (5.11)
See Appendix D for more details about the group structure.
We shall define a N -Fourier transform in the Hilbert space as follows. On each edge,
let
|k, ρ〉 = 1√|N |∑a ρ(a)|a, k〉 (5.12)
where ρ ∈ Nˆ and the bar refers to the complex conjugate. We call it a N Fourier transform.
How do the Hamiltonian operators transform under the N Fourier transform? Let us
consider a graph containing three triangles as illustrated in Fig. 8. (The remaining part of
graph is not shown, and in general the number of triangles neighboring to a vertex could
be arbitrary.)
g1 g2
g3
g12
g23v
p
g13
Figure 8. A unit cell as a composite of a vertex v and a neighbouring plaquette p.
Denote the basis vectors by |g1, g2, g3; g12, g23, g13, . . . 〉, for g ∈ G. In this basis, the
operators are written as
Ag
′
v |g1, g2, g3; g12, g23, g13, . . . 〉 = |g′g1, g′g2, g′g3; g12, g23, g13, . . . 〉 (5.13)
and
Bhp |g1, g2, g3; g12, g23, g13, . . . 〉 = δg1g12g¯2,h|g1, g2, g3; g12, g23, g13, . . . 〉 (5.14)
where g1g¯12g¯2 is the holonomy of the plaquette p.
We want to know the behavior of the operators under the transformation. It is conve-
nient to factorize the operators into two parts according to the semidirect product struc-
ture. Let Aa = A(a,1K , Ax = A(1N ,x), Bbp =
∑
y∈K B(b,y) and Byp =
∑
b∈N B(b,y). It is
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straightforward to see AapAxp = A
(a,x)
p and BbpByp = B
(b,y)
p . We define the Fourier transform
by
B˜(ρ)v =
1
|N |
∑
a∈N
ρ(a)A(a)v , (5.15)
A˜ηp =
1
|N |
∑
b∈N
η(b)Bbp, (5.16)
and studying their behavior in the new basis. We leave the Ax and By unchanged; for
future convenience, however, we denote them by A˜xv = Axv B˜yp = Byp , with the tilde to
emphasize that they acts in the transformed basis. We used the notation B˜ and A˜ for
future convenience.
Such Fourier transform results in
B˜ρv A˜
x
v
∣∣∣∣∣∣∣∣∣∣
v
(x1 , ρ1 ) (x2,
ρ2)
(x
3
,ρ
3 )
〉
=ρx¯1(F (x, x1))ρx¯2(F (x, x2))ρx¯3(F (x, x12))δρx¯1ρx¯2ρx¯3 ,ρ
∣∣∣∣∣∣∣∣∣∣∣
v
(xx2
, ρ2
)
(x
x
3
,ρ
3 )
(xx1 , ρ1 ) 〉
(5.17)
where ρx¯ is defined by ρx¯(a) = ρ(x¯a), and
A˜ηpB˜
y
p
∣∣∣∣∣∣∣∣∣
(x
1 , ρ1 ) (x
2,
ρ 2
)
(x12, ρ12) 〉
=δx1x12x¯2,yρ(F (x1, x12)F (y, x2)−1)
∣∣∣∣∣∣∣∣∣
(x
1 , η¯ρ1 ) (x
2,
η
y ρ
2)
(x12, η¯x1ρ12) 〉 (5.18)
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They are derived as follows. The Fourier transform yields
A˜ηpB˜
y
p
∣∣∣∣∣∣∣∣∣
(x
1 , ρ1 ) (x
2,
ρ 2
)
(x12, ρ12) 〉
= 1|N |
∑
b∈N
η(b) 1|N |3
∑
a1a2a12
ρ1(a1)ρ2(a2)ρ12(a12)
1
|N |3
∑
ρ′1ρ
′
2ρ
′
12
ρ′1(a1)ρ′2(a2)ρ′12(a12)
× 1|N |
∑
η˜
η˜
(
a1(x1a12)F (x1, x12)b¯(ya¯2)F (y, x2)−1
)
δx1x12x¯2,y
∣∣∣∣∣∣∣∣∣
(x
1 , ρ ′1 ) (x
2,
ρ
′ 2)
(x12, ρ′12) 〉
=δx1x12x¯2,yη(F (x1, x12)F (y, x2)−1)
∣∣∣∣∣∣∣∣∣
(x
1 , η¯ρ1 ) (x
2,
η
y ρ
2)
(x12, η¯x1ρ12) 〉
(5.19)
The formula for B˜ρv A˜xv is derived in a similar way.
First, we observe that the matrices of A˜η and B˜ρ in the dual basis of the Hilbert space
define a QD(G′) model on the dual graph Γ˜, where we identify the dual vertex v˜ with the
original p, and the dual plaquette p˜ with v. See Fig. 9. With this identification, we have
dual operators A˜ηv˜ and B˜
ρ
p˜ on Γ˜.
(a) (b) (c)
Figure 9. For the triangulation Γ in (a), we define the dual graph Γ˜ in (b) in which the direction
of each dual edge is a pi/2 clockwise rotation of the corresponding edge in Γ. The double dual graph
˜˜Γ in (c), obtained as the dual graph of Γ˜, is the same as Γ but with all edge direction reversed.
Comparing the matrices of A˜ηv˜ and B˜
ρ
p˜ and the QD Hamiltonian operators in Eq. (5.16),
we find that the matrices of the dual operators A˜η and B˜ρ define the QD Hamiltonian
H˜ = −
∑
v˜
1
|Nˆ |
∑
η
A˜ηv˜ −
∑
p˜
B˜
1Nˆ
p˜ (5.20)
on the dual graph Γ˜.
Now we combine the tilde operators by setting A˜xvA˜
η
v˜ = A˜
(x,η)
v,v˜ and B˜yp B˜
ρ
p˜ = B˜
(y,ρ)
p,p˜ , and
obserse that
A˜(x1,η1)A˜(x2,η2)B˜(1K ,1Nˆ) = A˜(x1x2,η1η2)B˜(1K ,1Nˆ). (5.21)
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which implies that in the multiplication of tilde operators, the pairs (x, η) forms a direct
product group G′ = K × Nˆ , where Nˆ = Irrep(N) is the Abelian group whose elements
are unitary irreducible representations. As long as G has a nontrivial semidirect product
structure, i.e., F is a nontrivial 2-cocycle, we have G 6= G′.
More generically, the tilde operators form a new algebra, with the multiplication rule
being
B˜
h′1
p˜ A˜
g′1
v˜ B˜
h′2
p˜ A˜
g′2
v˜ = δh′1,g′1h′2g¯′1β
′
h′1
(g′1, g′2)B˜
h′1
p˜ A˜
g′1g
′
2
v˜ , (5.22)
where
β′h′1(g
′
1, g
′
2) :=
α′(h′1, g′1, g′2)α′
(
g′1, g′2, g¯′2g¯′1h
′
1g
′
1g
′
2
)
α′
(
g′1, g¯′1h′1g′1, g′2
) , (5.23)
with the 3-cocycle α′ over G′ given by
α′((x1, ρ1), (x2, ρ2), (x3, ρ3)) = ρ1(F (x2, x3)). (5.24)
such algebra is identified as the twisted quantum double algebra Dα′(G′). See Appendix
B for the full definition of Dα′(G′). Hence, under the Fourier transform, the observables
are mapped from D(G) to Dα′G′.
We summarize the main features of the derived PEM duality as follows. First, the
PEM duality always exists for any D(G) model, with the dual group G′ = K × Nˆ , and α′
determined by the semidirect product structure F in G. Second, under the partial Fourier
transform in Eq. (5.12), we can always construct the dual local operators A˜η,A˜x, B˜ρ, and
B˜y, such that
Therefore, we have derived the PEM duality between a QD model on Γ and a dual
model whose Hamiltonian has mixed terms on Γ and Γ˜. We denote by T the PEM duality
transformation defined by Eqs. (5.12),(5.15), and (5.16). As a self-consistency check, we
consider the double transformation T2, the double dual graph ˜˜Γ, obtained as the dual
graph of Γ˜, is the same as Γ but with all edge direction reversed. see Fig. 9(c). The double
transformation on the operators is given by
{Aav, Bbp} on Γ T
2−→ {Aa¯˜˜v, B b¯˜˜p} on ˜˜Γ ≡ {Aav, Bbp} on Γ (5.25)
The last equality is due to the identification of a on an directed edge e with a¯ on an reversed
edge.
5.4 Examples
5.4.1 EM duality in Z2 QD model
In particular, when G = Z2 (known as the toric code model), the Hilbert space is spanned
by 12 -spins (to represent the two group elements in Z2) on the edges, and the Hamiltonian
terms are
Av =
∏
e into v
σxe , Bp =
∏
e around p
σze
where e refers to the edges. Indeed, compared to Eq. (5.2), ∏e into v σxe is a Z2 gauge trans-
formation where Z2 = {1, σx}. The delta function in Eq. (5.5) becomes 12
(
1 +∏e around p σze).
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This model has a self-dual EM duality. The Z2 Fourier transform redefines Pauli
matrices σ˜z = σx and σ˜x = σz. The vertices is mapped to plaquettes on the dual graph.
It is straightforward to see that charge operators Av and the magnetic operators Bp are
exchanged. The gauge group G = Z2 (of σx operators) is mapped to the dual group
G′ = Z2 (of σ˜x = σz operators). Such duality transformation is already well studied in
two-dimensional Ising models.
Such EM duality can be generalized to all QD models with Abelian G. The Fourier
transform on the Hilbert space is
|s〉 = 1√|G|∑g ρs(g)|g〉 (5.26)
where all one-dimensioanl irreducible representations s form the dual group G′. It is
straightfowrd to show that the duality transformation on the operators are
Av 7→ B˜p˜, Bp 7→ A˜v˜ (5.27)
where the vertices and plaquettes are mapped to the plauquettes and vertices on the dual
graph:
v 7→ p˜, p 7→ v˜. (5.28)
5.4.2 Example Z4 → Z2 × Z2
The simplest nontrivial partial EM duality is the in Z4 gauge theory. For the quantum
double model with G = Z4, we take the subgroup N = Z2, and the corresponding qutotient
group is K = Z2\Z4 = Z2.
Let G = Z4 = {0, 1, 2, 3}, and N = {0, 2} is a subgroup of G. The quotient group
K = N\G consists of two elements [0] = N + 0 and [1] = N + 1. The G is not a direct
product of N and K, but a semidirect product N oK, whose product structure is given
by F (k1, k2) = k1 + k2 − 〈k1 + k2〉2 and 〈k〉2 = k mod 2. By Eq. (5.24) we arrive at the
nontrivial 3-cocycle on Z2 × Z2 for the dual model.
The partial EM duality w.r.t. N maps the Z4 = Z2nZ2 gauge theory to a G′ = Z2×Z2
gauge theory. The N -charge/flux is mapped to Nˆ -flux/charge in the dual model. The
observable algebra maps from the quantum double algebra D(G) to the a twisted quantum
double Dα′G′, where
α′((k1, n1), (k2, n2), (k3, n3)) = exp[
pin3i
2 (k1 + k2 − 〈k1 + k2〉2)] (5.29)
is a 3-cocycle over Z2×Z2 = {(00), (01), (10), (11)}. See a summary of the correspondence
in Table 1.
5.4.3 Example D4 → Z2 × Z2 × Z2
Another already known example is the equivalence between the quantum double model
QD(D4) and a twisted quantum double model TQD(Z2 ×Z2 ×Z2, α′) for some nontrivial
3-cocycle α′, where D4 is the dihedral group. This can also be quantitatively understood
by a partial EM duality.
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QD model with G = Z4 dual model
gauge group G = Z4 = Z2 n Z2nontrivial semidirect product
G′ = Z2 × Z2
trivial direct product
bilayer coupling trivial coupling nontrivial reciprocal coupling
algebra of observables QD(Z4) TQD(Z2 × Z2, α′)
Table 1. EM duality in QD model with G = Z4
Let G = D4. Denote the group elements by rask for k = 0, 1 and a = 0, 1, . . . , 4, where
s and r are the same reflection and 2pi/3-rotation generators as described in the previous
example . Let N = Z2 =
{
r0, r2
}
be the normal subgroup consisting of all rotations, and
the quotient group is K = N\G = Z2 × Z2 =
{
Ns0, Ns1, Nrs0, Nrs1
}
. Denote rask by
(a, k) and the semidirect product G = N oK has the product structure
(a1, k1)(a2, k2) :=
(
a1
(
k1a2
)
F (k1, k2), k1k2
)
(5.30)
where ka = a. The semidirect product structure is similar to that in the Z4 example, with
F (Nrx1sy1 , Nrx2sy2) = rx1+x2−〈x1+x2〉+2y1x2 (5.31)
We set Fˆ (a1, a2) = 1 and hence (k1, k2, k3) = 1 for all k1, k2, k3 ∈ K. The corresponding
equivalence is between QD(G = D3) and TQD(G′ = D3, α′), where G′ = K o Nˆ =
Z2 × Z2 × Z2, and the 3-cocycle α′ is given by
α′((x1, ρ1), (x2, ρ2), (x3, ρ3)) = ρ1(F (x2, x3)) (5.32)
According the classification of the 3-cocycles on Z32 as listed in the Appendix, α′ = αIIIαII .
In summary, we write D4 = (Z2 × Z2) n Z2, and apply the partial EM duality w.r.t.
the subgroup Z2, we arrive at the twisted quantum double model TQD(Z2 × Z2 × Z2, α′).
See Table 2.
QD model with G = D4 dual model
gauge group G = D4 = (Z2 × Z2)n Z2nontrivial semidirect product
G′ = Z2 × Z2 × Z2
trivial direct product
bilayer coupling trivial coupling nontrivial reciprocal coupling
algebra of observables QD(D4) TQD(Z2 × Z2 × Z2, α)
Table 2. EM duality in QD model with G = Z4
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5.4.4 Example Dm → Dm
Let G = Dm. Denote the group elements by rask for k = 0, 1 and a = 0, 1, . . . ,m,
where s and r are the reflection and 2pi/3-rotation generators, satisfying s2 = 1 = rm and
rs = sr¯. Let N =
{
r0, r1, . . . , rm
}
be the normal subgroup consisting of all rotations, and
the quotient group is K =
{
Ns0, Ns1
}
. Denote rask by (a, k) and the semidirect product
G = N oK has the product structure
(a1, k1)(a2, k2) :=
(
a1
(
k1a2
)
, k1k2
)
(5.33)
for k = 0, 1 and a = 0, 1, . . . ,m, where ka = (−1)ka mod m.
To compare with the generic formula, we set F (k1, k2) = 0 ∈ N and Fˆ (k1, k2) = 1 and
hence we can choose (k1, k2, k3) = 1 for all k1, k2, k3 ∈ K. The corresponding equivalence
is between QD(G = D3) and QD(G′ = D3), where G′ = K o Nˆ is again D3. Since
F (a1, a2) = 0 ∈ N and Fˆ (k1, k2) = 1, we have α = 1 on G and α′ = 1 on G′.
The Fourier transform is similar to that in G = Z4 case. The G and G′ happens to be
the same group Dm, but in general, G and G′ are not the same.
5.5 EM duality on the twisted quantum models
In the previous subsections, we considered the EM dualities in QD models. In this subsec-
tion, we study the EM duality in generic twisted quantum double models.
If there is an Abelian normal subgroup N of G such that αN is trivial, we can apply
a Fourier transform
|x, ρ〉 = 1√|N | ∑
a∈N
ρ(a)|a, x〉 (5.34)
The main result of this paper is to show that this Fourier transform maps to a dual model
with an algebra Dα′(G′), as will be defined soon.
When the 3-cocycle α|N restricted to N is trivial, G can be written as a semidirect
product. For the normal Abelian subgroup N and the quotient group K = N\G, the G
can be written as a semidirect product G = N oF K, with the product structure being
(a1, k1)(a2, k2) :=
(
a1
(
k1a2
)
F (k1, k2), k1k2
)
(5.35)
the product structure is characterized by a 2-cocycle F : K ×K → N satisfying
δKF (k1, k2, k3) ≡ k1F (k2, k3)F (k1k2, k3)−1F (k1, k2k3)F (k1, k2)−1 = 1 (5.36)
where ka is the conjugation of a by k, see Appendix B for detailed definition. The 3-cocycle
α is cohomologeous to
α((a1, k1), (a2, k2), (a3, k3)) := Fˆ (k1, k2)(a3)(k1, k2, k3) (5.37)
We start with such G and α. The local observables are characterized by twisted quantum
double algebra DαG, with the multiplication rule given by
(Ag1v Bh1p )(Ag2v Bh2p ) := δh1,g2h2g¯2βh2(g1, g2)Ag1g2v Bh2p (5.38)
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where βh2(g1, g2) is given by
βh2(g1, g2) :=
α(g1, g2, h2)α (g1g2h2g¯2g¯1, g1, g2)
α (g1, g2h2g¯2, g2)
. (5.39)
If we present a 3-cocycle α by a tetrahedron, then βh2(g1, g2) is depicted in terms of
tetrahedra as in Fig. 10(a).
g1
g2
h1
h2
g1
g2
(a)
g′1
g′2
h′1
h′2
g′1
g′2
(b)
Figure 10. (a) the multiplication coefficients βh2(g1, g2) is depicted as three tetrahedra glued
together. (b) The Fourier transformed factor F[β](ρ,x)(η,y)(ρ1,x1)(η1,y1)(ρ2,x2)(η2,y2) depicted.
Define the Fourier transform of the operator (AgvBhp ) by
Γ(x,η)(y,ρ) =
1
|N |
∑
a,b∈N
ρ(a)η(b)A(a,x)v B(b,y)p (5.40)
where we rewrite g, h by the pairs: g1 = (a1, x1), g2 = (a2, x2), h1 = (b1, y1), h2 = (b2, y2).
We could derive the detailed matrix element of the new operators in a straightforward
way, as we did in the previous section. In the following, we will not dwell on the detailed
matrix form of the operators Γ(x,η)(y,ρ) , but follow a more convenient way by focusing on the
algebra of the operators.
Since the factor  in α is not involved in Fourier transform, we will ignore the parts
involving  and will restore it only in the final results.
βh2(g1, g2) =
Fˆ (x1, x2)(b2)Fˆ (x1x2y2x¯2x¯1, x1) (a2)
Fˆ (x1, x2y2x¯2) (a2)
. . . (5.41)
The algebra of the new operators Γ(x,η)(y,ρ) can be obtained by the Fourier transform,
given by
Γ(x1,η1)(y1,ρ1)Γ
(x2,η2)
(y2,ρ2) =
∑
ρ,η
F[β](ρ,x)(η,y)(ρ1,x1)(η1,y1)(ρ2,x2)(η2,y2)δy1,x2y2x¯2Γ
(x,η)
(y,ρ) (5.42)
where x = x1x2, y = y2 and matrix element of F[β] is given by the Fourier transform
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F[β](ρ,x)(η,y)(ρ1,x1)(η1,y1)(ρ2,x2)(η2,y2)
= 1|N |3
∑
a1a2b1b2
ρ1(a1)ρ2(a2)η1(b1)η2(b2)ρ (ax11 a2F (x1, x2)) η(b2)
δb1(x2y2x2a2)F (x2y2x2,x2),ax22 b2F (x2,y2)
Fˆ (x1, x2)(b2)Fˆ (x1x2y2x¯2x¯1, x1) (a2)
Fˆ (x1, x2y2x¯2) (a2)
. . .
= 1|N |3
∑
a1a2b2
ρ1(a1)ρ2(a2)η1
(
a2(x2b2) x2y2x¯2 a¯2F (x2, y2)F (x2y2x2, x2)−1
)
η2(b2)
ρ (a1x1a2F (x1, x2)) η(b2)
Fˆ (x1, x2)(b2)Fˆ (x1x2y2x¯2x¯1, x1) (a2)
Fˆ (x1, x2y2x2) (a2)
. . .
= 1|N |3
∑
a1a2b2
ρ1(a1)ρ2(a2)η1(a2)ηx21 (b2)η
x2y2x2
1 (a2) η1
(
F (x2, y2)F (x2y2x2, x2)−1
)
η2(b2)ρ(a1)ρx1(a2)ρ(F (x1, x2))η(b2)
Fˆ (x1, x2)(b2)Fˆ (x1x2y2x¯2x¯1, x1) (a2)
Fˆ (x1, x2y2x2) (a2)
. . .
(5.43)
where in the first equality the delta function is an expansion of δh1g2,g2h2 and in the second
equality we used ¯(ab) = a(b¯) for all a, b ∈ N . According to Eq. (5.40), ρ1(a1)ρ2(a2)η1(b1)η2(b2)
is the Fourier transform kernel that appears in Γ(x1,η1)(y1,ρ1)Γ
(x2,η2)
(y2,ρ2) , while ρ (a
x1
1 a2F (x1, x2)) η(b2)
appears in Γ(x,η)(y,ρ) . The summation evaluates to
δρ,ρ1δρx1η1Fˆ (x1x2y2x¯2x¯1,x1),ηx2y2x¯21 ρ2Fˆ (x1,x2y2x¯2)
δη,ηx21 η2Fˆ (x1,x2)
η1(F (x2, y2))ρ(F (x1, x2))
η1 (F (x2y2x¯2, x2))
. . .
(5.44)
The new algebra of Γ(x,η)(y,ρ) becomes another twisted quantum double D
α′G′, where G′ =
Kˆ nFˆ N , and the 3-cocycle α′ is given by (with  factor restored back)
α′((x1, ρ1), (x2, ρ2), (x3, ρ3)) = ρ1(F (x2, x3))(x1, x2, x3) (5.45)
The identification is as follows. Let
B˜
(ρ,xyx¯)
p˜ A˜
(η,x)
v˜ ≡ Γ(η,x)(ρ,y) (5.46)
and relabel group elements by g′1 = (x1, η1), h′1 = (x1y1x¯1, ρ1), g′1 = (x1, η1), h′2 =
(x2y2x¯2, ρ2), g′2 = (x2, η2), then the product of the algebra becomes
B˜
h′1
p˜ A˜
g′1
v˜ B˜
h′2
p˜ A˜
g′2
v˜ = δh′1,g′1h′2g¯′1β
′
h′1
(g′1, g′2)B˜
h′1
p˜ A˜
g′1g
′
2
v˜ (5.47)
where
β′h′1(g
′
1, g
′
2) :=
α′(h′1, g′1, g′2)α′
(
g′1, g′2, g¯′2g¯′1h
′
1g
′
1g
′
2
)
α′
(
g′1, g¯′1h′1g′1, g′2
) (5.48)
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is extrated from the above Fourier transform, and g′1, h′1, g′2, h′2 ∈ G′ are the dual group
elements under the Fourier transform. The factor β′ is depicted in Fig. 10.
To compare with the results in the Section 5.4.2. Take G = Z4 for example. The
corresponding equivalence is between TQD(G,α = 1) = QD(G) and TQD(G′, α′), where
G′ = K × N (the semidirect product K oFˆ Nˆ becomes the direct product since Fˆ = 1).
The 3-cocycle α′ is
α′((x1, ρ1), (x2, ρ2), (x3, ρ3)) = exp
(2pii
2 ρ1F (x2, x3)
)
(5.49)
where ρ are the irreducible representations in the dual group Nˆ , taking values of 0 and 1.
6 Dual model: Reciprocal bilayer model
6.1 Duality transformation on observables
The duality transformation on the algebra is
1
|N |
∑
a,b∈N
ρ(a)η(b)A(a,x)B(b,y) = B˜(xyx¯,ρ)A˜(x,η) (6.1)
with its inverse being
A(a,x)B(b,y) = 1|N |
∑
ρ,η∈Nˆ
ρ(a)η(b) B˜(xyx¯,ρ)A˜(x,η) (6.2)
The individual operators are transformed as
A(a,x) =
∑
ρ∈Nˆ
ρ(a)
∑
y∈K
B˜(y,ρ)
 A˜(x,1) (6.3)
where 1 in (x, 1) of RHS refers to the unit element of Nˆ (identity representation of N),
and
B(b,y) =
∑
ρ∈Nˆ
B˜(y,ρ)
 1
|N |
∑
η∈Nˆ
η(b) A˜(1,η) (6.4)
where 1 in (1, η) of RHS refers to the unit element of K.
6.2 Reciprocal bilayer model
In this subsection, we will examine the algebra structure of the operators A(a,x), B(b,y) and
A˜(x,η), B˜(y,ρ), and show that the TQD(G,α) model or the dual model can be understood as
a bilayer system. For the dual model, on the upper layer is a QD(Nˆ) model with Hilbert
subspace spanned by Nˆ elements. On the lower layer the Hilbert subspace is spanned by
K elements. We will call such a bilayer system a recipropal bilayer model.
We start by examining the operatorsA(a,x)v , B(b,y)p in the TQD(G,α) model and A˜(x,η)v˜ , B˜
(y,ρ)
p˜
in the dual model. Without introducing confusion, we will suppress the subscript v, p in
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the following. These operators are parametrized by pair elements, so we can factorize the
operators into the N (or Nˆ) part and the K part. Define
Aa = A(a,1), Ax = A(1,x), Bb =
∑
y∈K
B(b,y), By =
∑
b∈N
B(b,y) (6.5)
and for tilde operators
A˜η = A˜(1,η), A˜x = A˜(1,x), B˜ρ =
∑
y∈K
B˜(y,ρ), B˜y =
∑
ρ∈N˜
B˜(y,ρ) (6.6)
By examining the formulas (5.37) and (5.45), we get
A(a,x) = AaAx, B(b,y) = BbBy (6.7)
A˜(x,η) = A˜xA˜η, B˜(y,ρ) = B˜yB˜ρ (6.8)
Note that Ax = A˜x and By = B˜y.
The newly introduced operators in Eqs. (6.5) and (6.6) suggest that the TQD model
or the dual model is a bilayer system. On the upper layer is a QD model. Take the TQD
model for example, the operators Aa, Bb form a quantum double algebra D(N). More
specifically, for every fixed configuration {k} of K elements on the edges of the lower level,
the concrete matrix forms of Aa, Bb depend on the configuration {k}. This dependence
reveals how the upper layer is coupled to the lower layer.
On the other hand, the lower layer model is not a QD or TQD model defined byK. The
Hilbert subspace is spanned by K elements, and the operators are Ax = A˜x and By = B˜y.
They in general do not form a quantum double algebra or twisted quantum double. The
set {Ax, Bx}x∈K is even not closed under the multiplication: AxAy yields the AF (x,y)Axy
term with F (x, y) ∈ N . Nevertherless, we can rearrange the label (a, x) in the operators
to make it closed. In the following, we introduced the rearranged operators A(a,x)B(b,y).
The rearranged operators will form a subalgebra on each layer.
First, let us introduce a new d.o.f. xv ∈ K on every vertex v. The xv depends on
the configuration of k’s on the triangulation so that can view xv as a function xv({k}).
Suppose {k} is one configuration, and xv is the correponding element at a vertex v. If
another configurations {k′} is related to {k} by a gauge transformation at v, then the
corresponding element xv({k′}) is given by
vx

yk1
yk2
yk3
k4y−1
k5y−1
k6y−1
 = yxv

k1
k2
k3
k4
k5
k6
 (6.9)
In short, xv transforms in the regular representation of K under the above mapping.
This implies that xv({k}) is a nonlocal function. The above constraint on xv does not
uniquely determine the function xv. In the following, we randomly choose one solution xv.
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Fix a configuration {k}, the subspace spanned by the N elements is invariant under
the operators Aa, Bb. These operators form a {k}-independent algebra D(N). Now we will
use xv to obtain an isomorphic algebra D(N) depending on {k}.
It is convenient to introduce the projection operator P x0v by
P x0v |{k}〉 = δxv({k}),x0 |{k}〉 (6.10)
The above constraint on the function xv is expressed as
P (xx0)v A
(a,x)
v = A(a,x)v P (x0)v , P (x0)v B(a,x)p = A(a,x)v B(x0)p (6.11)
We define the rearranged operators by
P x0A(a,x)B(b,y) = Fˆ (x, x0)(b)P x0A(λa,x)B(
x0b,y) (6.12)
B˜(xyx¯,ρ)A˜(x,η)P x0 = ρ(F (x¯0, x))B˜(xyx¯,ρ
x¯0 )A˜(x,λ˜η)P x0 (6.13)
where
λa = x0
(
a
F (x¯0, x)
)
(6.14)
λ˜η =
(
η
Fˆ (x, x0)
)x¯0
(6.15)
Define λa by (1N , x¯0)(λa, x) = (a, x¯0x), and λ˜η by (x, λ˜η)(x0, 1Nˆ ) = (xx0, η). Explicitly,
The map a 7→ λa is an isomorphism N → N , satisfying (1, x¯0)(λa, x) = (a, x¯0x).
It has an inverse map is a 7→ κx¯0,(a,x) = x¯0aF (x¯0, x) . The λ has the property that
(1, x¯0)(λa, x)(λb, y) = (1, x¯0)(λab, xy). Similarly, λ˜η is an isomorphism Nˆ → Nˆ satisfying
(x, λ˜η)(x0, 1Nˆ ) = (xx0, η).
See Appendix E for the detailed discussion about the rearranged operators.
Define
AxBy = A(1,x)
∑
b
B(b,y) (6.16)
B˜xyx¯A˜x =
∑
ρ
B˜(xyx¯,ρ)A˜(x,1) (6.17)
In fact, we immediately observe that AxBy = B˜xyx¯A˜x by Fourier transform. These oper-
ators form a subalgebra:
Ax1By1Ax2By2P x0 = δy1,x2y2x¯2Φy2(x1, x2)βy2(x1, x2)A
x1x2By2P x0 (6.18)
where
Φy2(x1, x2)βy2(x1, x2)
=  (x2x0, x0x2, x2y2x2)  (x2x0, x0y2x0, x0)  (x1x2x0, x0, y2)
 (x2x0, x0, y2)  (x2x0, x0y2x0, x0x2)  (x1x2x0, x0x2, x2y2x2)
 (x1x2x0, x0y2x0, x0x2)  (x2y2x2, x2x0, x0x2)  (x1x2y2x2x1, x1x2x0, x0)
 (x1x2x0, x0y2x0, x0)  (x2y2x2, x2x0, x0)  (x1x2y2x2x1, x1x2x0, x0x2)
(6.19)
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See Appendix E for the derivation.
Let Aa = ∑byA(a,1)B(b,y) = Aa, Bb = ∑byA(1,1)B(y) and Ax = ∑byA(1,x)B(b,y),
By = ∑bA(1,1)B(b,y). We have
Aa1Bb1Aa2Bb2 = δb1,b2Aa1a2Bb2 (6.20)
Some immediate consequences are Ax = A˜x, By = B˜y, Bxyx¯Ax = AxBy.
Having derived above two subalgebras, Aa,Bb over N , and Ax,By over K, we can
rewrite the TQD Hamiltonian in terms of these operators.
Since (∑aAa)(∑xAx) = ∑axA(a,x) and B1NB1K = B(1,1), we can rewrite the TQD
Hamiltonian as
Hbilayer = HN +HK (6.21)
where
HN = −
∑
v
1
|N |
∑
a∈N
Aav −
∑
p
B1Np (6.22)
and
HK = − 1|K|
∑
x∈K
Axv
∑
p around v
B1Kp −
∑
p
B1Kp (6.23)
The HN and HK describes two subsystems respectively. The first term HN gives a QD
model with N on the triangulation Γ, with the Hilbert subspace spanned by N elements,
where Aa,Bb form the quantum double algebra D(N). We call this subsystem the first
layer (or upper layer). The HK describes a model with the Hilbert subspace spanned by
K elements, where Ax,By form the algebra given in Eq. (6.18).
The Hbilayer leads to the identical spectrum of of eigenstates as the original one in
Eq. (5.7), we observe that all the four terms in Eqs. (6.22) and (6.23) are simultaneously
commuting projection operators. Together with∑axAaAxB1NB1K = ∑axA(a,x)B(1N ,1K),
Under the EM duality, {Aav} are mapped to
{
B˜ρv
}
, and
{
Bbp
}
to
{
A˜ρp
}
. In terms of
the rearranged operators, {Aav} are mapped to
{
B˜ρv
}
, and
{
Bbp
}
to
{
A˜ρp
}
. We introduce
the dual trivalent graph, and relabel the vertex v and plaquette p by the dual plaquette
p˜ = v and the dual vertex v˜ = p. The Hamiltonian of the dual model can be written as
H˜ = H˜K + H˜Nˆ (6.24)
where
H˜K = −
∑
v
1
|K|
∑
x∈K
A˜xv −
∑
p
1
|N |
∑
η∈H˜
B˜1Kp (6.25)
H˜Nˆ = −
∑
v˜
A˜ηv˜ −
∑
p˜
B˜
1N˜
p˜ (6.26)
The H˜K defined at the original triangulation Γ is the same as the first part of Eq. (6.21)
sinceAxv = A˜xv and Byp = B˜yp. The operators are labeled by elements ofK. The H˜Nˆ defined
on the dual graph Γ˜ (in dashed lines in Fig. 11 ), with operators labeled by elements of
Nˆ , forms a QD model defined by the finite group Nˆ . Similar to that in the original TQD
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A˜xv
B˜yp
(a) triangulation Γ
B˜ηp
A˜ρv˜
(b) dual graph Γ˜
Figure 11. The operators A˜xv , B˜yp defined on the original triangulation Γ. The operators A˜
ρ
v˜, B˜
η
p˜
defined on the dual graph Γ˜.
model, every fixed configuration {k1, k2, . . . } of elements of K on the triangulation, the
restricted Hilbert space gives an individual Hilbert space of this QD model.
The TQD(G,α) model can be understood as a bilayer system. The upper layer is a
model with Hilbert space spanned by the N elements, while the lower layer a model with
Hilbert space spanned by K elements. The TQD model is viewed as a bilayer system
coupling the two layers. The coupling is determined by the semidirect product structure
of G and by the 3-cocycle α. The dual model can be also viewed as a bilayer system, but
with the Hilbert space of the upper layer spanned by Nˆ elements on the dual graph Γ˜. The
coupling is determined by the semidirect product structure of G′ and by the 3-cocycle α′.
Under the EM duality, the upper layer is mapped from a QD(N) model to a QD(Nˆ)
model, while K- model on the lower layer remains unchanged. The graphs on the upper
and the lower layer is dual to each other, and hence we call the dual model the reciprocal
bilayer model. The coupling of the two layers is characterized by the semidirect product
structure F and the 3-cocycle α on G (Fˆ and α′ on G′ on the dual model respectively).
See Fig. 12. Since α is further determined by Fˆ and α′ by F , we see that in bot models,
the coupling between two layers are characterized by F and Fˆ .
In a special case, if we start with a QD(G) model, the lower layer model is a QD(K)
model since  = 1. The QD(G) is a QD(N)-QD(K) bilayer system, with the coupling is
purely characterized by the semidirect product structure F . Under EM duality, the QD(G)
model is mapped to a TQD(G′, α′) model, where G′ = K × Nˆ is a direct product and α′
is determined by the semidirect product structure F . The coupling is characterized by α′
(and finally by F which determines the form of α′).
We summarize the relations between the two models under the EM duality in Table.
3.
6.3 Invariant groud states under EM duality
Under the EM duality, the ground states are mapped to the ground states in the dual
model. The ground states are the simultaneous eigenvectors of 1|G|
∑
g A
gB1 = 1 in the
TQD model, and those of 1|G′|
∑
g′ A˜
g′B˜1 = 1 in the dual model. Under the EM duality,
the constraint operator is transformed as
1
|G|
∑
g
AgB1 7→ 1|G′|
∑
g′
B˜1A˜g
′ (6.27)
Hence the EM duality preserves the ground states.
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Aa
Ax
Bb
By
QD model(H)
coupling
characterized
K −  model
by F and α
(a)
B˜ρ A˜η
QD model(Hˆ)
coupling
characterized
A˜x
B˜y
K −  model
by Fˆ and α′
(b)
Figure 12. (a) The TQD(G,α) model can be understood as a bilayer system. The upper layer is
a QD(N) model and the lower layer is a K- model. Both layers are on the same graph. (b) Under
the EM duality, the upper layer is mapped to a QD(Nˆ) model and K- model on the lower layer
remains unchanged. The graphs on the upper and the lower layer is dual to each other.
TQD(G,α) dual model
upper layer a ∈ N ρ ∈ Nˆ on dual graph
lower layer x ∈ K x ∈ K on the same graph
upper-lower coupling α on N oK α′ on K n Nˆ
Table 3. Summary of relations between the two models under the EM duality.
7 Discussion
7.1 Isomorphism between two twisted quantum double algebras
We have derived the EM duality via the Fourier transform by detailed computations.
The mathematics behind the computation is that the Fourier transform over N is an
isomorphism of the twisted quantum doubles.
Given (G,N, α), where N is an Abelian normal subgroup of G, and α is a 3-cocycle on
G such that α|N is cohomologically trivial when restricted to N . Then we have constructed
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an isomorphism via the Fourier transform over N :
F :DαG→ Dα′G′
A(a,x)B(b,y) 7→ 1|N |
∑
ρ,η∈Nˆ
ρ(a)η(b) B˜(xyx¯,ρ)A˜(x,η) (7.1)
where G = NoFK with α((a1, k1), (a2, k2), (a3, k3)) := Fˆ (k1, k2)(a3)(k1, k2, k3) (any other
possible α is cohomologous to it), and G′ = K nFˆ Nˆ withα′((x1, ρ1), (x2, ρ2), (x3, ρ3)) =
ρ1(F (x2, x3))(x1, x2, x3). As an immediate consequence, the individual operators Ag ≡∑
hA
gBh and Bh ≡ A1Bh are mapped as
A(a,x) 7→
∑
ρ∈Nˆ
ρ(a)
∑
y∈K
B˜(y,ρ)
 A˜(x,1) (7.2)
B(b,y) 7→
∑
ρ∈Nˆ
B˜(y,ρ)
 1
|N |
∑
η∈Nˆ
η(b) A˜(1,η) (7.3)
The isomorphism preserves the quasi-Hopf algebra structure. In Section 5.5, we have
concretely derived the Fourier transform of the product coefficient. The result can be
summarized as a proof that F preserves the product structure:
F(Ag1Bh1)F(Ag2Bh2) = F(Ag1Bh1Ag2Bh2) (7.4)
The preservation of coproduct structure is just a dual to that of the product structure.
The proof can be done in a similar way, we will not detail it here.
The map of key structures under the isomorphism is summarized in Table 4.
TQD model Dual model
G = N oF K G′ = K nFˆ Nˆ
semidirect product structure F dual 3-cocycle α′
3-cocycle α semidirect product structure Fˆ
Table 4. Mapping of key structures under the isomorphism.
7.2 Open questions
There are open questions left for future study, and we list few below:
• The generalization to gauge theories in higher dimensions.
• The extension of EM duality from group symmetry to more generalized algebraic
symmetry.
• Quantum phase transitions due to the EM duality.
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A 3-cocycles for Z3m
When it comes to the case of G = Z3m . We label the group elements by triples a =
(a1, a2, a3) with a1, a2, a3 = 0, 1, . . . ,m − 1. The cohomology group H3
(
Z3m, U(1)
)
= Z7m
has seven generators,
α
(i)
I (a, b, c) = exp
{2pii
m2
ai(bi + ci − 〈bj + cj〉)
}
α
(ij)
II (a, b, c) = exp
{2pii
m2
ai(bj + cj − 〈bj + cj〉)
}
αIII(a, b, c) = exp
{2pii
m
a1b2c3
} (A.1)
where 1 ≤ i ≤ 3 and 1 ≤ i ≤ j ≤ 3 are assumed respectively in the first two lines, and 〈x〉
is the residue of x mod m.
B twisted quantum double DαG
In what follows we recall the definition of the twisted Drinfeld’s twisted double of a finite
group. Let DαG be a finite-dimensional vector space with a basis {AgBx}(g,x)∈G×G indexed
by the set G×G. Define a product on DαG by
(AgBx)(AhBy) := δx,hyh¯βy(g, h)A
ghBy (B.1)
This product admits a unit
1 =
∑
x∈G
A1Bx (B.2)
Define a coproduct ∆ : DαG→ DαG⊗DαG and counit ε :
DαG→ C by
∆(AgBx) :=
∑
a,b∈G:ab=x
µg(a, b)(AgBa)⊗ (AgBb) (B.3)
and
ε(AgBx) := δx,1 (B.4)
Also, set
Φ :=
∑
x,y,z∈G
α(x, y, z)−1(A1Bx)⊗ (A1By)⊗ (A1Bz) (B.5)
R :=
∑
x,y∈G
(A1Bx)⊗ (AxBy) (B.6)
– 30 –
vhol
g1
g2
g12
v′
(a)
v
hol
g1
g2
g12
v′
(b)
g12
g12
hol
g2
g1g
1
g 2
g2
g 1
g 2
(c)
Figure 13. The Agv acts on a vertex connecting 6 triangles. For simplicity we show the detailed
configuration of one triangle only. The v has the greatest ordering number and v′ has the least one.
Finally, define a linear map S : DαG→ DαG by
S(AgBx) := 1
βx¯ (g¯, g)µg (x, x¯)
Ag¯Bg¯x¯g (B.7)
where βx(g, h) and µg(x, y) are expressed in terms of α by
βy(g, h) :=
α(g, h, x)α
(
ghxh¯g¯, g, h
)
α
(
g, hxh¯, h
) (B.8)
and
µg(x, y) :=
α (gxg¯, gyg¯, g)α(g, x, y)
α (gxg¯, g, y) (B.9)
for all g, h, x, y ∈ G. Particularly, if G is Abelian and α(x, g, h) = α(x, h, g), then βy(g, h) =
α(x, g, h) and µg(x, y) = α(g, x, y).
C Definition of local operators Agv, Bhp in TQD model
In this section, we will define local operators Agv, Bhp in the TQD model. They form the
twisted quantum double algebra.
The Bhp is defined by
Bhp
∣∣∣∣∣∣∣∣∣∣ v
hol
g1
g2
g12 〉
= δhol,h
∣∣∣∣∣∣∣∣∣∣ v
hol
g1
g2
g12 〉
(C.1)
where hol = g¯12g1g2 is the holonomy of the triangle.
The definition of Agv is a little more tedious. It depends on the holonomy of each
neighboring triangle. For example, we consider the Agv acting on Fig. 13. For simplicity,
we only show the configuration on one triangle only. It will be straight forward to extend
the definition below to the rest ones.
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In the shaded triangle in Fig. 13(a), the vertex v has the greatest ordering in the three
vertices of the triangle. According to our convention, there is a holonomy hol = g¯12g1g2
associated to this vertex. We draw a loop starting from and ending at v labeled by hol.
We also connect the two vertices from v to v′. Then the operator Agv is defined to act on
the shaded triangles in Fig. 13(b). To be more specific, these triangles are separated as in
Fig. 13(c). In fact, the loop can be viewed as a gapped boundary of a hole. Then the Agv
becomes exactly the boundary operators as defined in Ref [Alex-Hu-Wan, Hu–Wan-Wu].
As the example in Fig. 13(a), we write down Agv explicitly as
Agv
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
v
hol
g1
g2
g12
v′
〉
= α(g12g¯, gholg¯, g)
α(g12g¯, g, ¯hol)α(g1, g2g¯, g)−1
. . .
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
v
g1
v′
g2g−1
g12g−1
gholg−1 〉
(C.2)
where the three α’s result from the action at the three black dots acting on the two triangles.
The dots in above formula stands for other α’s acting on the rest triangles.
If v is ordered by the least number in the considered triangle, the only difference is that
the holonomy is now associated to v′. The counterpart for Fig. 13 is Fig. 14. Following
similar procedure, Agv acts on the triangles as shown in Fig. 14(c). If the ordering number
of v is neither the greatest nor least, we do not need to take account for the holonomy of
the triangle. For more details about the definition see Ref [Hu-Wan-Wu].
If on all triangles the flatness condition ( i.e., hol = 1) is satisfied, the definition of Agv
reduced to the usual one as defined in Ref. [Hu-Wan-Wu]. In the subspace where flatness
conditions is satisfied everywhere, the two set of definitions make no difference. They differ
in the entire Hilbert space. To describe the complete set of observables in the model, we
need the former as constructed in this section.
By using 3-cocycle conditions, one can check that Agv and Bhp form a quantum double
algebra. Specifically, the product structure is
Ag1v B
h1
p A
g2
v B
h2
p = δh1,g1h2g¯1βh2(g1, g2)Ag1g2v Bh2p (C.3)
D Semidirect structure in gauge group G and its dual group G′
Let us introduce some notation. Let N be a normal Abelian subgroup of a G, and denote
by K = N\G the quotient group. Let p : G→ K be the usual surjection, i.e., p(g) := Ng,
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vhol
g1
g2
g12
v′
(a)
v
hol
g1
g2
g12
v′
(b)
g12
g12
hol
g2
g1g1
g2
g2
g 1
g 2
(c)
Figure 14. The Agv acts on a vertex connecting 6 triangles. The v has the least ordering number
and v′ has the greatest one.
for all g ∈ G , with p(1G) = 1K . For each x ∈ K choose a representative u(x) in G (so that
pu(x) = x), with u(1K) = 1G. The quotient group K is a right G-set with x/g := p(u(x)g),
for x ∈ K and g ∈ G. Also, the set u(K) = {u(x)|x ∈ K} is a right G-set: u(x)/g = u(x/g),
for x ∈ K and g ∈ G. The elements u(x)g and u(x / g) differ by an element κx,g of N, for
x ∈ K and g ∈ G :
u(x)g = κx,gu(x / g) (D.1)
The relation
κx,g1g2 = κx,g1κxg1,g2 (D.2)
holds for any x ∈ N\G and g1, g2 ∈ G.
Since N is an Abelian normal subgroup G, there is an induced K-left action on N by
conjugation:
ka := u(k)a ¯u(k) for k ∈ K and a ∈ N (D.3)
The isomorphism class of the extension 1 → N → G → K → 1 can be classified by (the
cohomology class of) 2-cocycle F ∈ H2(K,N), i.e., a map F : K ×K → N such that
δKF (k1, k2, k3) = k1F (k2, k3)F (k1k2, k3)−1F (k1, k2k3)F (k1, k2)−1 = 1 (D.4)
With appropriate choice of F , we can assume
G := N oF K (D.5)
where the product structure of G is given by the formula
(a1, k1)(a2, k2) :=
(
a1
(
k1a2
)
F (k1, k2), k1k2
)
(D.6)
With this explicit choice of the group G, we choose the function u : K → G to be u(k) :=
(1A, k) and therefore we have that
κk1,(a,k2) =
k1aF (k1, k2) (D.7)
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thus obtaining F (k1, k2) = κk1,(1,k2). We furthermore have that for x ∈ K and g = (a, k) ∈
G
x / g = x / (a, k) = xk (D.8)
Denote the dual group Nˆ := Hom(N,U(1)) with an induced right K-action on Nˆ defined
as ρk(a) := ρ
(
ka
)
for ρ ∈ Nˆ and k ∈ K.
If there is a 2-cocycle Fˆ ∈ H2(K, Nˆ) satisfying
δK Fˆ (k1, k2, k3) =
Fˆ (k2, k3)Fˆ (k1, k2k3)
Fˆ (k1k2, k3)Fˆ (k1, k2)k3
(D.9)
where
Fˆ (k1, k2)k(a) = Fˆ (k1, k2)(ka) (D.10)
Every 2-cocycle Fˆ defines a semidirect product group G′ = K nFˆ Nˆ , whose product
structure is given by
(k1, ρ1)(k2, ρ2) :=
(
k1k2, ρ
k2
1 ρ2Fˆ (k1, k2)
)
(D.11)
In our convention, the group elements are denoted by pairs in the way that (a, 1K)(1N , k) =
(a, k) and (k, 1Nˆ )(1K , ρ) = (k, ρ).
Suppose F and Fˆ are chosen such that Fˆ ∧ F defined by (Fˆ ∧ F )(k1, k2, k3, k4) :=
Fˆ (k1, k2)(F (k3, k4)) is cohomologically trivial in H4(K,U(1)). Then there exists a 3-
cochain  ∈ C3(K,U(1)) such that δK = Fˆ ∧ F , as expanded as:
(k1, k2, k3, k4) = Fˆ (k1, k2)(F (k3, k4)) (D.12)
Then we have two explicit (representatives of) 3-cocycles defines by
α((a1, k1), (a2, k2), (a3, k3)) = Fˆ (k1, k2)(a3)(k1, k2, k3) (D.13)
α′((x1, ρ1), (x2, ρ2), (x3, ρ3)) = ρ1(F (x2, x3))(x1, x2, x3) (D.14)
The 3-cocycle condition δGα = 1 and δG′α′ = 1 can be verified by the 2-cocycle conditions
of F and Fˆ together with the condition (D.12). We check that α is a 3-cocycle:
δGα((a1, x1), (a2, x2), (a3, x3), (a4, x4))
= Fˆ (x2, x3)(a4)Fˆ (x1, x2, x3)(a4)Fˆ (x1, x2)(a3)
Fˆ (x1x2, x3)(a4)Fˆ (x1, x2)(a3 (x3a4)F (x3, x4))
δK(x1, x2, x3, x4)
=δK Fˆ (x1, x2, x3)(a4)
δK(x1, x2, x3, x4)
Fˆ (x1, x2)(F (x3, x4))
=1
(D.15)
Also note that α|N = 1 and α′|Nˆ = 1.
For any triple (F, Fˆ , ) satisfying the above conditions, we have derived a PEM duality
transformation from TQD(G,α) model to dual-TQD(G′, α′) model in this paper.
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E Rearranged operators in the bilayer model
Since the partial Fourier transform only applies to the Hilbert subspace spanned by the N
elements, the subspace spanned by the K elements are not affected. On the other hand,
the K-set of operators {Ax, Bx}x∈K is not closed under the multiplication: AxAy yields
the AF (x,y)Axy term with F (x, y) ∈ N . Between the N -set and the K-set of operators
there is a nontrivial coupling. In the following we try to formulate the explicit structure of
this coupling.
First, let us introduce a new d.o.f. xv ∈ K on every vertex v. The xv depends on
the configuration of k’s on the triangulation so that can view xv as a function xv({k}).
Suppose {k} is one configuration, and xv is the correponding element at a vertex v. If
another configurations {k′} is related to {k} by a gauge transformation at v, then the
corresponding element xv({k′}) is given by
vx

yk1
yk2
yk3
k4y−1
k5y−1
k6y−1
 = yxv

k1
k2
k3
k4
k5
k6
 (E.1)
In short, xv transforms in the regular representation of K under the above mapping.
This implies that xv({k}) is a nonlocal function. The above constraint on xv does not
uniquely determine the function xv. In the following, we randomly choose one solution xv.
Fix a configuration {k}, the subspace spanned by the N elements is invariant under
the operators Aa, Bb. These operators form a {k}-independent algebra D(N). Now we will
use xv to obtain an isomorphic algebra D(N) depending on {k}.
It is convenient to introduce the projection operator P x0v by
P x0v |{k}〉 = δxv({k}),x0 |{k}〉 (E.2)
The above constraint on the function xv is expressed as
P (xx0)v A
(a,x)
v = A(a,x)v P (x0)v , P (x0)v B(a,x)p = A(a,x)v B(x0)p (E.3)
Define λa by (1, x¯0)(λa, x) = (a, x¯0x), and λ˜η by (x, λ˜η)(x0, 1Nˆ ) = (xx0, η). Explicitly,
λa = x0
(
a
F (x¯0, x)
)
(E.4)
λ˜η =
(
η
Fˆ (x, x0)
)x¯0
(E.5)
The map a 7→ λa is an isomorphism N → N , whose inverse map is a 7→ κx¯0,(a,x) =
x¯0aF (x¯0, x) . The λ has the property that (1, x¯0)(λa, x)(λb, y) = (1, x¯0)(λab, xy), which is
equivalent to (1, x¯0)(a, x)(b, y) = (1, x¯0)(κx¯0,(a,x)κx¯0x,(b,y), xy).
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Let
P x0B˜(xyx¯,ρ)A˜(x,η) = 1|N |
∑
a
ρ(a)η(b)P x0A(a,x)B(b,y)
= 1|N |
∑
a
ρ(a)η(b)P x0A(λa,x)B(b,y)
=ρ(F (x¯0, x))
1
|N |
∑
a
ρx¯0(a)η(b)P x0A(a,x)B(b,y)
=ρ(F (x¯0, x))P x0B˜(xyx¯,ρ
x¯0 )A˜(x,η)
(E.6)
where ρx¯0(a) = ρ(x¯0a).
We define the rearranged operators by
B˜(xyx¯,ρ)A˜(x,η)P x0 = B˜(xyx¯,ρ)A˜(x,λ˜η)P x0 (E.7)
and
A(a,x)B(b,y)P x0 = 1|N |
∑
ρη
η(b)ρ(a)B˜(xyx¯,ρ)A˜(x,η)P x0 (E.8)
We have the relation between the rearranged operators and the original ones:
A(a,x)B(b,y)P x0 = Fˆ (x, x0)(b)A(λa,x)B(
x0b,y)P x0 (E.9)
P x0B˜(xyx¯,ρ)A˜(x,η) = ρ(F (x¯0, x))P x0B˜(xyx¯,ρ
x¯0 )A˜(x,λ˜η) (E.10)
The algebra mapping {A(a,x), B(b,y)} → {A(a,x),B(b,y)} is an isomorphism, but does not
preserve the algebra relations. These new operators depend on the configurations of {k}
nonlocally since xv({k}) is a nonlocal function.
For the tilde operators, the algebra is
P x0B˜(y1,ρ1)A˜(x1,η1)B˜(y2,ρ2)A˜(x2,η2)
=P x0B˜(y1,ρ1)A˜(x1,λ˜η1 )B˜(y2,ρ2)A˜(x2,λ˜η2 )
=δh1,g1h2g¯1βh1(g1, g2)
ρ1(F (x¯0, x1x2))
ρ1(F (x¯0, x1))ρ2(F (x¯0x1, x2))
P x0B˜(y1,ρ1)A˜(x1,λ˜η1 )(x2,λ˜η2 )
=δh1,g1h2g¯1βh1(g1, g2)
ρ1(F (x¯0, x1x2))
ρ1(F (x¯0, x1))ρ2(F (x¯0x1, x2))
P x0B˜(y1,ρ1)A˜(x1x2,η1η2)
(E.11)
where g1 = (x1, λ˜η1), g2 = (x2, λ˜η2), h1 =
(
y1, ρ
x¯0
1
)
, h2 =
(
y2, ρ
x¯0x1
2
)
, and
βh1(g1, g2)
=α (g1, g2, g¯2g¯1h1 (g1g2))α (h1, g1, g2)
α (g1, g¯1h1g1, g2)
= λ˜η1(F (x2, x¯2x¯1y1(x1x2)))ρ
x¯0
1 (F (x1, x2))
λ˜η1(F (x¯1y1x1, x2))
βy1(x1, x2)
(E.12)
We expand the delta function by
δh1,g1h2g¯1 = δy1,x1y2x¯1δ
ρ2,ρ1
(
Fˆ (y1,x1)λ˜η1
Fˆ (x1,y2)λ˜
y2
η1
)x¯1x0 (E.13)
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and substitute ρx¯02 by
ρx¯02 = ρ
x¯0
1
(
Fˆ (y1, x1)λ˜η1
Fˆ (x1, y2)λ˜y2η1
)x¯1
(E.14)
Using
ρ1(δKF (x¯0, x1, x2)) =
ρ1(F (x¯0, x1x2))ρx01 (F (x1, x2))
ρ1(F (x¯0, x1))ρ1(F (x¯0x1, x2))
= 1 (E.15)
All factors involving ρ1 except the delta function are canceled in the coefficient. The algebra
is
P x0B˜(y1,ρ1)A˜(x1,η1)B˜(y2,ρ2)A˜(x2,η2)
=δy1,x1y2x¯1δ
ρ2,ρ1
(
Fˆ (y1,x1)λ˜η1
Fˆ (x1,y2)λ˜
y2
η1
)x¯1x0 Φβy1(x1, x2)P x0B˜(y1,ρ1)A˜(x1x2,η1η2) (E.16)
where Φ is an coefficient Φ(x0, x1, x2, y1, y2, η1) independent of ρ1, ρ2, η2.
Φ(x0, x1, x2, y0, y1, y2, η1)
= λ˜η1(F (x2, x¯2x¯1y1(x1x2)))
λ˜η1(F (x¯1y1x1, x2))
(
Fˆ (x1, y2)λ˜y2η1
Fˆ (y1, x1)λ˜η1
)[
x¯1x0(F (x¯0x1, x2))
] (E.17)
Similarly, we can compute the algebra of dual operators. We conclude
A(a1,x1)B(b1,y1)A(a2,x2)B(b2,y2)P x0
=δy1,x2y2x¯2δ(x2x0b2)λa2F (x2,y2),(x2x0b1)(y1λa2 )F (y1,x2)β

y2(x1, x2)
Fˆ (x1y1x¯1, x1) (λa2)
Fˆ (x1, y1)(λa2)
Fˆ (x1, x2x0)x¯0x¯2
(
F (y1, x2)(y1λa2)
F (x2, y2)λa2
)
A(a1a2,x1x2)B(b2,y2)P x0
(E.18)
and
B˜(x1y1x¯1,ρ1)A˜(x1,η1)B˜(x2y2x¯2,ρ2)A˜(x2,η2)P x0
=δy1,x2y2x¯2δ
ρ2,ρ1
(
Fˆ (x1y1x¯1,x1)λ˜η1
Fˆ (x1,y1)λ˜
y1
η1
)x¯1x0βy2(x1, x2)
λ˜η1(F (x2, y2))
λ˜η1(F (y1, x2))
(
Fˆ (x1, y1)λ˜y1η1
Fˆ (x1y1x¯1, x1)λ˜η1
)
[x2x0(F (x¯0x¯2, x2))] B˜(x1y1x¯1,ρ1)A˜(x1x2,η1η2)P x0
(E.19)
where
λa2 =
x2x0a2
x2x0F (x¯0x¯2, x2)
(E.20)
λ˜η1 =
ηx¯0x¯2
Fˆ (x1, x2x0)x¯0x¯2
(E.21)
Define
AxBy = A(x,1)
∑
b
B(y,b) (E.22)
B˜xyx¯A˜x =
∑
ρ
B˜(xyx¯,ρ)A˜(x,1) (E.23)
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In fact, we immediately observe that AxBy = B˜xyx¯A˜x by Fourier transform. These oper-
ators form a subalgebra:
Ax1By1Ax2By2P x0 = δy1,x2y2x¯2Φy2(x1, x2)βy2(x1, x2)A
x1x2By2P x0 (E.24)
where
Φy2(x1, x2)
=
Fˆ (x1, x2x0) (F (x0x2, x2)) Fˆ (x1, x2x0)
(
x0x2F (x2y2x2, x2)
)
Fˆ (x1, x2x0) ( x0x2F (x2, y2)) Fˆ (x1, x2x0) ( x0y2x0F (x0x2, x2))
Fˆ (x1, x2y2x2) ( x2x0F (x0x2, x2))
Fˆ (x1x2y2x2x1, x1) ( x2x0F (x0x2, x2))
(E.25)
where the bar refers to the inverse: x = x¯.
Expand the coefficient in term of , we have
Φy2(x1, x2)βy2(x1, x2)
=  (x2x0, x0x2, x2y2x2)  (x2x0, x0y2x0, x0)  (x1x2x0, x0, y2)
 (x2x0, x0, y2)  (x2x0, x0y2x0, x0x2)  (x1x2x0, x0x2, x2y2x2)
 (x1x2x0, x0y2x0, x0x2)  (x2y2x2, x2x0, x0x2)  (x1x2y2x2x1, x1x2x0, x0)
 (x1x2x0, x0y2x0, x0)  (x2y2x2, x2x0, x0)  (x1x2y2x2x1, x1x2x0, x0x2)
(E.26)
Let Aa = A(a,1) and Ax = A(1,x),Bb = ∑yB(b,y) and By = ∑bB(b,y). We have
Aa1Bb1Aa2Bb2 = δb1,b2Aa1a2Bb2 (E.27)
Ax1By1Ax2By2 = Φy2(x1, x2)βy2(x1, x2)δy1,x2y2x¯2A
x1x2By2 (E.28)
The operators Aa,Bb form the quantum double D(N), and Ax,By form a subalgebra.
The TQD model is turned to a bilayer system, with Aa,Bb on the upper layer and
Ax,By on the lower layer.
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